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Summary

Finite elastic deformations of an elastic string subjected to a vertical and a normal force are investigated,
supplementing earlier results by Dickey and adding some new results, including considerations of the stability of
the solutions. The relation of the solutions of the exact nonlinear theory to an approximate engineering theory of
Foppl is discussed.

1. Introduction

In this paper we consider the problem of a nonlinear elastic string, discussed earlier by
Dickey [1,2] and Carrier [3]. In particular, reference is made to Chapter 2 of [1], where the
problem to describe all possible equilibrium solutions of a string acted upon by a constant
vertical force is posed. We here discuss some extensions and additional results. Further-
more, it is felt that the description given by Dickey deserves some comments.

We first rectify an error in the solution for the inextensible string. The elementary
approximate theory of Foéppl is then given a more complete treatment including a
discussion of the stability of the solutions obtained in [1], and the relation of the solution
of the exact fully nonlinear theory of elastic strings to the Féppl solution is considered.
The range of validity of the Foppl approximation has previously been determined by the
second-named author for nonlinear circular elastic membrane problems [4]. The instability
of the compressive exact solutions of [1] is obtained on the basis of the energy criterion.

Next we obtain a new solution for the normally loaded string, which is multi-valued in
certain ranges of the load parameter, in some way analogous to the multiplicity of
compressive solutions of a vertically loaded circular membrane [5], but different from the
vertically loaded string. It is found that multiple tensile solutions may also exist, in
contrast to the vertically loaded string, where the tensile solution for a given load is always
unique. If the load is conservative, compressive solutions are again shown to be unstable.

Finally the stability of the static solutions is examined by means of the kinetic method,
which provides a generally more acceptable stability criterion than the static potential
energy criterion. The latter is restricted to conservative problems; moreover, its applicabil-
ity in continuum mechanics has not been rigorously established as yet (e.g. see the
discussion by Koiter [6]).

* Part of the results were presented by the second-named author at a meeting on Continuum Mechanics in
Oberwolfach, January 1980.
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2. The inextensible string

Assuming symmetric deformations, with 2 L the length of the string and 2/ the distance of
its end points, the equilibrium position of a string subjected to a constant vertical force is
given by the variational problem [1]

1
V=f1y\/1 +(y’)’ dx = stationary,  subject to f V1+ ()Y dx=L (1)
0 0
where y(x) must satisfy y’(0)= 0 and y(/) = a > 0. The solution of the Euler equation of
(1) is the well-known catenary
y(x)=A cosh(x/A)-\.

The constant of integration A4 is determined from the constraint in (1), which leads to the
condition

sinh(1/A4)=L/A = (L/1)/(1/4). (2)

For L > I, this equation has one solution for A > 0 and one solution for 4 < 0, contrary
to the claim in [1] that there is one solution for 4 > 0 and two solutions for 4 < 0. Thus
the behaviour of the inextensible string is different from that of the elastic string, which
will be discussed in what follows. Note that 4 < 0 implies A < 0, because of y(/)=a > 0,
which means a negative tension.

The solution for 4 <0 is easily shown to be unstable on the basis of the energy
criterion. Denote the integrand of (1) by F(y, y), then a necessary condition of Legendre
[7] for the potential energy to have a minimum is that 3°F/dy"*is non-negative. From

F=(y+A\1+y2,  3%F/3y?=(p+2)(1+y?)""*
it is seen that this condition is violated for y + A < 0, that is, for 4 <0.

Remark. The catenary problem has an interesting two-dimensional analogue that goes
back to Jellet [8] in 1850, but that has only recently been solved {9,10]:

'/‘Gf(z+}\)\/1 +2,2+ 2z, }dxdy = stationary.

3. The Foppl theory of the elastic string

Consider a linear elastic material, that is, the stress T is related to the strain ¢ by Hooke’s
law T = Ee. The potential energy of a vertically loaded string of length 2/ is then given by

) )
V= %Efjl 2d¢ —fjl PWAE, (3)

where P(£) is a vertical load (force per unit undeformed length divided by the cross-sec-
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tional area of the string) and W is the vertical displacement which is assumed to vanish at
the ends,

w(l)=w(-1)=0. (4)

If U denotes the horizontal displacement, the basic assumptions of the Foppl approximate
theory of strings and membranes are: U << W and W small but finite. Thus the strain-dis-
placement relation is € = U’ + 1(W")?, the prime denoting differentiation with respect to £,
and the energy functional (3) is

VU, w]=1E /_*l’[(Uf)z + U(W) + 3(w)*]dg - /_*l’deg. (3a)
Now 8V = 0, for all admissible U, W, yields the Euler equations

(U +10)) =0, (s)

E(uw +1(w)’) +P=0, (6)
which can be re-written in the form

U’ + 1(W')? = ¢ = constant, (7)

E(U+3(w))w”+P=o. (8)

From (7) we have € and T constant, so that equation (8), TW" = — P(£) can be integrated,
the two constants of integration being determined by (4). Substitution of W’ into (7) yields
U. For uniform load P = const the results are, with an arbitrary constant U,

2
W) =30 (P=8). UO)=FE- £+ b ©)

At the ends +/, we may prescribe either the stress T(+/)= T, or the horizontal
displacement U(+/)= + N. In the following we refer to these two boundary problems as
Problem S or Problem H, respectively. From (8) and (9) we have immediately

Theorem 1. The solution of Problem S is unique for all 7; > 0 and for all T, <0, except
for a uniform translation U,. There is no solution for 7;, =0 unless P = 0.

Imposing the boundary conditions U(+/)= + N, we find Uy=0 and (//E)T -
P?*/6T*= N, which is a cubic equation for the unknown 7. It can be rewritten in the
form

NE

F(A): = A(cy+A)* =LEP?, =", A:=T—c. (10)

Equations (9) and (10) agree with results of Dickey [1], who observed that Eq. (10) has a
unique solution 4 > 0 if ¢, > 0, that is for U(/)> 0, and that Eq. (10) may have three
solutions if ¢, < 0 and P is sufficiently small.
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In order to describe the range of non-uniqueness more precisely and to display the
dependence of the solution on a single parameter §, it is appropriate to introduce the
dimensionless variables (for Problem H)

w= ]

w(pI\"? _ U(PI\?? ¢ N[ PI\~?/3
HE e e

I\E E “T\E

Then the solution (9) and (10) can be written in the form

= |

A V=(3/2)(1-27),  Ala=8x-x', §=1+(8/4), (92)

where the positive constant 4 has to be determined from
F(A):=A(8+A4) =L. (10a)

It is seen that the dimensionless solution #, w depends on & only, that is, essentially on the
ratio U(l)/P%*. Now, if § <0, we find from (10a) one, two or three solutions for 4
depending on whether |§| is less, equal or greater than (9/8)!/3, respectively. We
summarize the results in

Theorem 2. Consider Problem H of the Foppl approximation for the elastic string under a
constant vertical load P. If § > 0, there is a unique solution for all P given by (9) with
Uy=0, T=c,+A, or by (9a), with 4 or A uniquely determined from (10) or (10a),
respectively. The solution is fensile, that is, T> 0. — If § <0, Problem H has a unique
tensile solution for all P, with 4 or A now being defined as the largest root of the cubic
equation (10) or (10a). In addition, there exist two (or one) compressive solutions T < 0, if
and only if |8] is greater than (or equal) (9/8)'/3. These solutions are again given by (9) or
(9a), where 4 or A is one of the two smaller roots of (10) or (10a), respectively.

Next we show that all solutions with 7<0 are unstable according to the energy
criterion. Denoting the integrand of (3a) by 2F(U, W, U’, W’), the Legendre condition
used above now requires that the quadratic form of the matrix

Fuow  Fopw
Fouw  Fopw

is non-negative. A comma denotes partial differentiation. From
FoyvFoww = Flyw =U'+ %(W’)z - (W')2 =e=T/E

it follows that Legendre’s condition is violated for T < 0, hence all compressive solutions
described in Theorems 1 and 2 are unstable.

It is of interest to compare the potential energies in the range — 8 > (9/8)!/3, where
three solutions of Problem H exist. Substituting the solution into (3) and using (10) and
(10a), we obtain for the potential energy

(P, N) =4icl(c0 +A)(co— 34) = 1E(%’)w(a +A)(8~-30). (11)
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For given P and ¢, = NE /I, A is determined from (10), hence V( P, N) is not single-valued
if (—8) > (9/8)!/3, because (10) has three solutions in that case.

Theorem 3. For 8 <0, |8|> (9/8)'/3, denote the solutions of (10) by 4,, i =1, 2, 3, with
A, <A, < A, and the corresponding energies V(P, N) by V;. Then V, > V, > V;; for the
compressive solutions V; > 0, V, > 0 holds, for the tensile solution V; <0.

Proof. The functions F(A4)= A(cy+ A)* and V(A4)= (¢, + A)(co, — 34)/4c, are sketched
in Fig. 1 for ¢, <0. Since both F and V have a maximum at 4 = —c¢,/3, and V is
symmetric with respect to the vertical line 4 = —¢,/3 while F is not, it is a simple matter
to verify that the segments a = —(¢,/3)— A4, and b= A4, + (¢,/3) in Fig. 1 satisfy a < b,
so that we have indeed V|, > V, > 0 from the intersections A = A4, with V(4). 4;> —¢,
implies ¥, < 0. There is no doubt that for (—8) > (9/8)!/? the solution corresponding to
Aj is stable.

The solution (9) of Problem H has the symmetry property
U(0)=0, w’(0) =0. (12)

The same conclusion can be verified for a variable load P(§)= P(—§). Integrating
TW” = — P(§), with P(&) piecewise continuous in {—/, /], and imposing the boundary
conditions W(+/)= 0, we first obtain

()= -7 [ 0o)s +gr(e+ 0 [ 0(o)ds, @)= [ P(0)ae.  (13)

Substitution of W’(§) into U’ + (W’)? /2 = € and integration yields

1 {/lez(s)ds+[(£+1)Q——2fle(s)ds]§} (14)

T
U(§)=U+ g (£+1 ~o7

with § = (1/21)/+'Q(s)ds.
-1/
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Fig. 1. Foppl approximation: the functions F(4) and ¥V(A) for ¢y < 0 (8 < 0), Problem H.
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Equations (13) and (14) represent the solutions of Problems S and H for an arbitrary
vertical load P(§). In Problem S, we have T=T,(+/). In Problem H, U(—/)= —N

implies U, = — N, while U(/)= N is satisfied, if T is determined again from a cubic
equation:
4 P15 =3_ 1
N_(E)T— TZ(Q - 21Q )’ Q —412‘[—IQ (s)ds' (15)

From the Schwarz inequality it follows that 55 — Q%/21=: K? is nonnegative, hence (15)
can be written in the form A(c,+ A)*=IEK? with ¢, and 4 as defined in (10).
Consequently, we have

Theorem 4. For variable load P(§), piece-wise continuous for —/ < § </, Theorems 1 and
2 remain valid: there is a unique solution of Problem S for T; = 0; there is a unique tensile
solution of Problem H for ¢; >0 and ¢, <0. In addition, two (or one) compressive
solutions exist if and only if ¢, <0 and |§y| > (9/8)"/3, where §,: = (N/I)6IK?/E?*)~'/3,

The compressive solutions are again unstable by the Legendre condition. Calculating
W’ from (13) and observing that P(§) = P(—§) implies, upon interchanging the order of
integration,

f_IIQ(s)ds = ZIj;IP(s)ds,

one finds TW’' = — Q(£)+ Q(0), and with a similar calculation for U(£), one has again
the symmetry property (12) of Problem H for variable load in the case P(§)= P(—§).

Remark. Integration of (7) from —/ to +/, substitution into (8), and using U(x/)= £N,
yields a nonlinear differential equation for W(§),

+I (4 2 (44
(co+c]f_l(W) dg)W =—P, ¢,=NE/I, ¢, =E/al, (16)

from which the solution (9), Problem H, was derived in [1].

4. Exact theory of elastic strings under a vertical load

In the exact nonlinear theory of strings, the displacements U, W are not restricted in
magnitude and the stress 7 is related to the strain e by an arbitrary constitutive equation
T = f(e). Replacing the Foppl approximation by the exact relation e = U’ + (U + W'2)/2
in (3), 6V = 0 yields the Euler equations

U+ W2 43U + U + U'W'? = constant,
EQUW + W’ + UW’Y +2P =0,

which are considerably more complex than Egqs. (7) and (8), and are not a suitable set of
equations, even for a linear-elastic material.



155

Let S(e) be an elastic potential such that T=dS/de=f(e) (S = Ee?/2 for a linear
material). Following [2,3], we here use the strain measure

e=(1+ U (&) + w(£) -1 (17)
where £ is again the arc length of the undeformed string. The potential energy is now
— gl !
V=| S(e)dé—| PWdE. 18
f_[ (e)d¢ f_[ 3 (18)
Introduce the new variables

x=£&/1, u=U/I, w=W/Il, p=PI, (19)

and let 8 be the angle between the tangent of the deformed string and the horizontal, then
the compatibility relations are

_1+d(x) . wi(x)
cos 6 = T+ s1n0—1+e. (20)
From Egs. (17)-(19) we obtain
e=\/(1+u’)2+(w’)2—l, V= I7/I=f+1(S(e)—pw)dx. (21)
-1

Henceforth, the prime denotes differentiation with respect to x. The equilibrium equations
follow from 8V [u, w]= 0. Using the relation

de ., 8e ., ;o ,
—3‘78“ +8w,8w = cos 88u’ + sin 68w’, (22)

Se
we find, upon integration by parts,
(Tcos8) =0, (Tsinf)=—p, (23)

which can also be derived directly, as in [3].
The solution for a uniform load p can be shown to be symmetric, that is, #(0) = w’(0) = 0.
This solution, satisfying Eqs. (20) and (23) p = const, and w(£ 1) =0, was given in [1]:

T2=B2+p2x2, COSB=L, u=—x+B/X1+eds,
VB + pix? o T(s)
11+e
=f —— . 24
w j;T(S)spds (24)

A solution of Problem S is obtained, if the constant of integration B is determined from
T(+1)= T, while Eqs. (24) represents a solution of Problem H, u(+ 1)= +», provided B
can be determined from the nonlinear equation

v+1=Bfll;eds=:I(B,p). (25)
0




156

For the first problem, we have immediately from (24) and B = +(T%(1) — p?)'/? (choice
of the negative sign will not affect T and w, while u, and u_ yield the same deformed
shape of the string, because of u, +u_= —2x, hence it suffices to take B > 0):

Theorem 5. Let |T,| > p, with a constant vertical load p, then problem S has a unique
solution, which is tensile (compressive) for T, > O(T;, < 0). If |T,| < p, Problem S has no
solution. The same holds true for a variable load p(x), if p is replaced by | [ p(s)ds|. The
solution is given by (24), with px replaced by [{p(s)ds in the case of a variable load.

Remark. The second part of the theorem actually refers to a symmetric variable load
p(—x)=p(x), implying u(0) = w’(0)= 0. But the results can be generalized to arbitrary
loads p(x) similarly as in the Fppl approximation, Egs. (13) and (14).

The existence and multiplicity of solutions of Problem H was investigated by Dickey [1]
for constant p, if T =f(e) satisfies the following conditions: (i) f(e) is defined for
—1ge _<e<e,< o0, (ii) f(0)=0, (iii) 0 < f'(e) < oo. These conditions imply the ex-
istence of a unique inverse function e = g(7T') defined for T_< T < T with the properties
g(0)=0,g(T)>0,g(T)> —1 and lime_,eif(e) =T, . The results of [1] are summarized
in

Theorem 6. Suppose f(e) satisfies (i)—(iii), withe_= —1,e,=T,= 00, T_= — o0, and p
is constant. Then there exists a unique tensile solution of Problem H for all ¥, —1 <» < o0,
There are no compressive solutions for » > 0. If p is sufficiently small and —1<» <0,
there exist at least two compressive solutions. If p is sufficiently large and —1 <» <0,
there are no compressive solutions.

Differentiating I( B, p) defined in (25) twice with respect to B, we obtain

ilgg_;l’_) [3p g'(T) - +g)+T32 ”(T)]ds

If T <0, one has B <0, and from f”"(e)= —(f'(e))’g”(T)> 0 it follows that g"(T) <0,
and therefore 321 /0B? < 0. Thus the conclusions in [1] can be strengthened to yield the

Corollary. In addition to the assumptions on f(e) in Theorem 6, let f(e) be convex
f(e)>0, eg. f(e)=Ee, then there exist exactly two compressive solutions, if p is
sufficiently small and —1 <» <0.

Note the remarkable similarity of the results of Theorems 2 and 6. By means of the
Legendre condition, the instability of solutions with 7' < 0 can also be established:

Theorem 7. Let f’(e)> 0, then all compressive solutions described by (24) for Problems S
and H with constant or variable load p(x) are unstable.

Proof. As in Section 3, we calculate the discriminant

D:=F,  F, ..—F}. for F=S(e)—p(x)w(x)
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in accordance with (20)-(22). We first obtain

1

s l1+e

F (F54) (7)1 + )=o) +(e)

and two similar expressions for F, and F,

after some algebra,

i’ ww Substituting these into D, we obtain

D=—1j_ef(e)f'(e), that is, D<0 iff ff'=Tf <0,

completing the proof. The significance of condition (iii) on f(e) as a material stability
condition is recognized.

In the special case T'= f(e) = Ee, p constant, the integrations in (24) can be carried out,
resulting in the closed form exact solution, for positive T,

u(x)=x(%— 1) +§In[%(px+ VB + px? )],

1 2 2 2 2.2 P 2 (26)
w(x =;(/1T+p — VB +px )+ﬁ(1—x ),

with B= + {T; — p* for Problem S, and B determined from (25) for Problem H.

It is now of interest to compare the solutions of the exact theory with the Foppl
approximation for a linear material 7 = Ee. In particular, we ask in which range of p does
the Foppl solution represent a satisfactory approximation to the exact solution (26). For
v = 0O(1) we have B= O(T) from (25). Expanding (26) with respect to p/B, we find,
setting b= B/E

u(x) =bx—x3-6‘%+ 0((%)4), 27)
w(x)=(1—x2)(1+b)%—(l—-x4)8‘D—B33+0((%)5), (28)
T(x)=B|1 +x22L322-+ 0((%)4)]. (29)

In the elastic range T/E << 1, whence b < 1. According to (29), the constant B approxi-
mates T with an error O( p?/B?), while (27) and (28) imply, setting T, = T(0) = B,

P4

3.2
X, o2t
TO4

U x)=ex —
(x) 6T

. ow(x)=( —x2)—2‘%+0

Ps). (30)

T

Expanding (17), one has e = u’ + (w')?>/2 = . We conclude that the leading terms of the
exact solution (30) coincide with the Foppl solution (9), which can be written, upon the
change of variables (19), as

u(x)=cx—%(%)2x3, w(x =2‘LT(1——x2). (9b)
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B f } + } + 4 t +——+ Y 0
-1.0 -0.8 -0.6 -0.4 -0.2 0

Fig. 2. Exact compressive solutions under vertical load: the function I(B, p) for B <0, f(e) = Ee, Problem H.

Furthermore, quantitative estimates for the error, when the solution (26) is approximated
by (9b), are provided by the expansions (27)-(29). In particular, if the constant T (Foppl)
is replaced by T = B(1 + x*p?/2 B?), then this modified Foppl approximation is accurate
up to terms of O( p®/T;’) in w(x), and up to terms of order O( p*/Ty') in u(x) and
T(x)/B. In view of the assumption |u| << |w|, the above comparison is valid only for
sufficiently small values of |»|, especially in the range T < 0.

For the case of a linear material f(e) = Ee, the qualitative statement ““p is sufficiently
small (large)” in the second part of Theorem 6 can be made more precise by calculating
the maxima of I(B, p), B <0 for a set of values p, see Fig. 2. For every v, —1 <» <0,
there is a unique p.(») such that two compressive solutions exist for all p < p (v). The
graph of p.(v)/E is shown in Fig. 3, together with the corresponding graph from the
Foppl approximation p,(v)/E = /8/9 |v|*/2, which follows from |8| = (9,/8)"/* (Theorem

[3}
10
N\

AN P V) /E lexact)

A 0.8
N
N
\
\\
. 06
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p¥)/E (Féppl) ™\
AN
. 10.4
\\
N
AN

AN 10.2

N

N
Inax - ‘ .
10 -08 -06 -04 -02 0

Fig. 3. Limiting load p.(»): region of compressive solutions 5 < §.(»), — 1 <» < 0, exact theory (
Foppl approximation (- - - - - - ).

) and
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Conclusion. The (v, p)-region of existence of compressive solutions, i.e. p < p.(»), in the
exact theory with f(e)= Ee is larger than in the Foppl theory, both regions are given in
Fig. 3.

Remark. An example of a simple elastically nonlinear material, for which the integrations
(24) can be carried out or reduced to standard elliptic integrals, is given in the Appendix.

It remains to discuss Problem H for a variable load p(x) and without the restriction
e_=1e,=00, T,= +00. In [2], Dickey has proved existence and multiplicity results,
analogous to Theorem 6, under the assumption

j(;1|ﬁ(1x)|dx<°o’ ﬁ(x):=j;xp(x)dx. (31)

However, this assumption excludes practically all physically realistic loads such as p(x)
regular at x =0, implying p(x)= O(x) for x = 0, so that |1 /5(x)| is not integrable. In
order that (31) be satisfied, p(x) has to be singular at x = 0. We therefore replace (31) by
the following assumption

(i) p(x) piece-wise continuous for 0 < x <1,

(ii) there exist constants k>0, 8> 0 and « > | such that | f(x)| = kx* for 0 < x < ,B(.3la)

The solution of Problem H for nonuniform p(x) = p(—x) is again given by Egs. (24) and
(25) except that T? = B2 + p(x)? and that sp is replaced by f(s) in the integral for w(x).
The uniqueness of tensile solutions follows from 0I(B, p)/dB > 0 as before, independent
of condition (31). The existence of solutions can be proved under the assumption (31a), by
suitably modifying the proofs of some of the lemmas in [2]. We summarize the results (see

[11]):

Theorem 8. Let p(x)= p(—x) satisfy (31a). If T, = oo, then a unique tensile solution of
Problem H exists for all v satisfying 0 <v+1<1+4+e,. If T < oo and max|j(x)|=:p,,
< T, then a unique tensile solution exists for all » satisfying 0 <» + 1 <I*, where

I*=lmI(B,5) a B-B":=(T2—p%)".

Moreover, the deformed string (x + u(x), w(x)) is always convex (downward).

Theorem 9. Let p(x)=p(—x) satisfy (31a). Problem H has no compressive solutions if
v > 0. If p,, is sufficiently small, then at least one compressive solution exists for all v with
—1<p<0;in the case T ,=e, = 00, e_= — |, at least two compressive solutions exist,
and if, in addition, f”(e) > 0, exactly two compressive solutions exist. On the other hand,
if p,, is sufficiently large, no compressive solutions exist with 1 <» < 0. The deformed
string is always concave (upward).

5. The elastic string under normal load

In this section solutions of the exact nonlinear equations of elastic strings under a
constant normal load are obtained, and their multiplicity is discussed. The basic equations
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(17) and (20) relating u, w, 8 and e, as well as T = f(e) remain the same. Let P, be the
force per unit deformed length divided by the cross sectional area of the string, and
directed perpendicular to the deformed string, then we have the equilibrium equations
(T cos 8),= P, sin 6, (T sin 8), = — P, cos 8, s = arc length of the deformed string, or, in
terms of the variables (19), with ds = (1 + e)ldx, p = Pyl,

(Tcos8) =p(1+e)sin®, (Tsin@)=—-p(l+e)cosb. (32a,b)

As the work done by the load is here pw(l + u,)/dx, the potential energy is now, as in
(21) with dS/de = f(e),

V=f_+ll(S(e) —pw(l +u))dx. (33)

Using (22), 8V [u, w] = 0 yields the Euler equations (32).

The solution of (32) can be obtained in closed form. Carrying out the differentiations
(T cos ) and (T sin @) in (32), multiplying (32a) by sin 8, (32b) by cos 6, and adding the
resulting equations, we obtain

48 _ _
T8 —de— p(l+e). (34)

Substituting (34) into (32), one finds 7’ cos § = T” sin § =0, hence T = T, = f(e,). Stress
and strain are constant in elastic strings under normal pressure.

Equation (34) can now be integrated. Since the boundary conditions given below imply
the symmetry conditions u(0) = w’(0)=8'(0) =0, we obtain 8(x)= — Byx, so that Egs.
(20) can be integrated with respect to x. Hence the solution of Eqgs. (20) and (32) and
w(£1)=20 is given by

1+

T=Ty=fles), 0= -Bpx, By=21E%) (352)
f(eo)

u=—x+Cysin Byx, w=C,(cos Byx —cos B;), C,= %f(eo). (35b)

The constant T, (or e¢;) is determined from the boundary conditions T(+1)=T; in
Problem S or u(+ 1)= +v» in Problem H. In the first case we have

Theorem 10. Problem S for normal load has a unique solution for all values 7(1)= T, = 0,
it is given by Egs. (35) with e, =g(T,)=f"!(T;). The solutions for T, < 0 are unstable.

Problem H has a solution if and only if e, satisfies u(1) = », that is, ¢, is a solution of
the equation

=1+ (36)

J(ey, P): = F(e) sin[ P

P F(e

3 (1+¢)

where P: = p/E and F(e): = f(e)/E are scaled by E: = f'(0)> 0, implying F(e)/e — | as
e — 0, and P < 1 for any physically realistic material. It is seen that the solvability of (36)
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Fig. 4a. Normal load p, conservative: the function J(e,, p) = (ey/P) sin( peg 11+ ep)) for p=1.

Fig. 4b. Normal load p, conservative: the function J( ey, §), as in Fig. 4a for p = 0.1.

depends on the properties of F(e), where f(e) is assumed to satisfy conditions (i)—(iii) of
Section 4. There is a variety of possible cases, e.g. if T, is finite and if |F(e)/P| <1+,
Problem H has no solutions at all. On the other hand, Eq. (36) has infinitely many
solutions e{™, with lim,,_, _e{" = + oo, for any given P >0 and » > — 1, if both F(e) and
(1 + e)/F(e) approach infinity with e - co. In physical terms, situations like these usually
correspond to prohibitively large p, » or e, while the rate of increase of f(e), as e - o, is
too low. However, for a wide class of functions f(e), we now turn to show that Eq. (36)
implies results similar to those illustrated in Fig. 4 for a linear material f(e) = Ee.
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Assuming e, = oo, define ¢ and ¢ by

F(e)=e(1+¢(e)),c(e)=%>0 for e>0

where ¢(0) = 0. For e > 0, we consider the following two cases.
(i) c(e) remains bounded for all e¢ > 0, that is, 0 <c(e)<c¢,. From (36), J(e, P)=
(e/P)1+ ¢(e)) sin (Pc(e)/e). As c(e)/e — 0 with e — o0, we get, for sufficiently large e

e, P)=5(1+9(e) gc(e)+0(e_3) —1+e+r(e). (37)

The leading term is 1+ e, hence lim,_, J(e, P)= oo. Since lim,_qJ(e, P)=0, the
equation J(e, P)=1+ » has at least one positive solution ¢, for any given », P with
v> —1, P>0. Moreover, in view of (37), the solution e, of (36) is unique if » is
sufficiently large.

(ii) c(e) is unbounded, but lim,_, c(e)/e=c, < 7. In this case we have, for suffi-
ciently large e

+
J(e,P)=%-¥ sin(Pc, +8(e)), 8(e)—>0 with e—co.

c(e)

For P < 1, sin Pc, > 0 for all e sufficiently large, hence we have

J(e, P sin P
lim (e, )= 1 7
enoo lt+e Pc,

b

and we conclude as in case (ii), that Eq. (36) has at least one positive solution for any
given », P with » > —1, 0 < P < 1. The solution is also unique for » sufficiently large.

Case (i) includes any functions ¢ with ¢(e)= O(e") for e = oo, n > 1, case (ii) includes
the linear material ¢ = 0 or any function ¢ bounded for large e, e.g. ¢(e)= (1 +e2)~ . If
¢(e) >0, one has ¢, < 1. Qualitatively similar results hold also for other cases, with
suitable modifications, e.g. if e, < oo the range of » must obviously be restricted for (36) to
have solutions (as in Theorem 8§).

The solutions of Eq. (36) for small |e| behave like the solutions of the equation
x sin(1/x)=1 + », for any admissible ¢(e), where F(e)/e — 1 with e — 0 has been used.
This means that the graph of J(e, P), P fixed, may intersect the line 1 + » several times if
v is sufficiently close to — 1.

In the range e_< e <0, we consider the particular case e_= —1 for which J =0 and
9J/0e=1 at e= —1. As J returns to zero at e =0, J must have at least one positive
maximum in the interval (-1, 0). Let J,,(P): = max J(e, P), e in (— 1, 0), then Eq. (36)
has no solution e, <0 for 1+ » > J,,(P), but at least two or one negative solutions, if
1+ v <Jy,(P)or1+v=J,(P), respectively. If P increases, J,,( P) decreases, and vice-
versa, that is, the larger P is, the smaller » must be if negative solutions of (36) are to exist.
Similar results hold for e_> —1.

We summarize the main results in the following theorem, without repeating the
restrictions imposed on F(e) in cases (i) and (ii).

Theorem 11. Consider Problem H for normal load P > 0. There is a P, > 0 such that at
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least one tensile solution exists for P < Py, and ~1 <» <y, ;= oo in cases (i) and (ii).
The solution is unique for P < P, < P, if » > », = »,(P). If v is sufficiently small, there
exists more than one tensile solution, the number of solutions increases without limit as v
approaches — 1.

For given P, there exist at least two compressive solutions for ~1 <» <y, =y (P), the
number of solutions increases without limit as » approaches — 1. The number », decreases
with increasing P. The solutions of Problem H, if they exist, are given by Eqgs. (35), where
e, is a solution of Eq. (36). The compressive solutions are unstable.

It is emphasized again, that Theorem 11 holds under certain assumptions on f(e),
somewhat more general than the ones considered above, but that part or all of Theorem
11 does not necessarily hold for some functions f(e) with totally different properties.

It remains to show the instability of compressive solutions. The calculation of the
discriminant D for F= S(e)— pw(l + u,) is the same as in the proof of Theorem 7, the
result is again D = f(e)f'(e)/(1 +e)<O0 for T=f(e) <0, i.e. solutions with e, <0 are
unstable.

The content of Theorems 10 and 11 is to be compared with that of Theorems 5 and 6
for vertical load. In particular, we note the non-uniqueness of tensile solutions for normal
load. In fact, we have an arbitrarily large number of both tensile and compressive
solutions, if » is sufficiently close to — 1. This kind of multiplicity was found previously in
(5] for compressive solutions of a circular elastic membrane under a vertical load for the
two types of edge support corresponding to our problems S and H. There are also regions
in the (», P)-plane where exactly one tensile and two compressive solutions exist, as in the
case of a vertical load.

A consequence of (35b) is worth noting. In both problems S and H we have for the
deformed position of the string (X, Y)= (x + u, w)

X2+ (Y+7Y,) ' =c2=(T,/p)’,  Y,:=C,cos B,.

Theorem 12. An elastic string under a uniform load always deforms into a circular arc, for
any constitutive law 7 = f(e). The radius of the circle is R =|T;|/p, its center is (0, ¥;),
C, > 0( < 0) for tensile (compressive) solutions, but cos B, < 0 for sufficiently small e,.

The statements in Theorem 11 can be made more explicit for the case T=f(e)= Fe,
assuming P < &, Eq. (36) then simplifies to

Hey, P)=2 sin:f%(l+e0)=1+v. (38)
The following statements are easily verified. The function J(e, P), with P fixed, oscillates
between the pair of straight lines with slopes + P~ (see Fig. 4). The zeros of J in the
range e> — | are located at e=e¢,=P/(nm—~P)>0 and at e=e_,=P/(P—7n) <0,
n=1,2,... The extrema of J are located at é, = P/(z, — P) where z, are solutions of
tan z = z — P, which are approximately given by Z, = Rk + )7 /2, k= £ 1, £2,..., the
error for positive k is 8, =z, — z, > 0 with §,, | <&, 8, <5-107? for P < 1. The maxima
Jyuy « (minima Jy; ;) in the range e > 0 correspond to k positive and even (0dd), they are
given by

i 1
% _ o A ——— (39)

hi(P)= g I+ (z,— P
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Thus Jy; , >0 and J; , <0, the J;;, form a monotone decreasing null sequence. As
J(e, P) is monotone increasing for e > P/(m — P)= e, = maximal zero of J, it follows
from (39) that (38) has a unique positive solution e, if 1+ » > J,; ,(P). It has exactly
three positive solutions if Jy; , <1+ »<J;;, and so forth. A rough estimate yields
Jyy2 < 1/5. The largest maximum in the range e < 0 is also obtained from (39), by setting
k = —1 and taking the positive sign. Note that z_, deviates from Z_, = —x/2 for small
P, while z, —z, >0 is small again for k= —2, —3,... We summarize these results in
Theorem 13, replacing some qualitative statements of Theorem 11 by explicit estimates.

Theorem 13. Let f(e)= Ee and P <. Then Problem H has a unique tensile solution for
v> —4/5, it has exactly k=2m+ 1, m=1,2,... tensile solutions if P and » satisfy
Jviis1 <1+ v <Js 1, where k — co with » - — 1. There are no compressive solutions if
v> —1+J,_,, and there exist precisely k =2m, m =1, 2,... compressive solutions for
P, vsatisfying Jy; ., >1+»>Jy _,_, where k > oo withy —» — 1.

The numbers J,; , . are given by (39), the solutions are given by Egs. (35), where ¢, is a
solution of (38).

Note that limy, , ,J;; , , = 0 implies that no compressive solutions exist for a given », if
P is sufficiently large.

The question may be raised, which one of several tensile solutions will be a preferred
state of equilibrium, for given P and ». Substituting the solution (35) into (33), the
potential energy is

1
V(eg) =25(ey) —f(es)(1 +e0)(1 - 35 sn 2B0).
For solutions of Problem H, we get, upon inserting (36),
EW(e)=Si(eg) + (1+9)[ Fleg)' = P2(1+)] ",

Si(e):=2E"'S(e)—(1+e)F(e).

Clearly Si(e)=F(e)—(1+e)F'(e), S{(0)= —1. For a wide class of functions F(e),
Si(e) <0 at least in the range of e where multiple tensile solutions occur. Moreover, the
term — F(e) in S, will in general make — F + (1 + »)[F? — P%(1 + »)]'/? negative, there-
fore V(ey) < V(ep) for e, > ey >0, e, and e being two solutions of (36) for the same
values of » and P. In the special case f(e) = Fe, this can be verified explicitly from

E"W(ey)= —eg+ (1+9)[ed — P2(1+)]',

as 1 +» < 1 in the range of multiple tensile solutions. We conclude that, if Problem H has
several tensile solutions for given », P, then the one with the largest strain e, has the lowest
potential energy.

Next a different normal load problem is briefly discussed. If p is the force per unit
undeformed length, as in Section 4, but directed perpendicular to the deformed string, one
has the equilibrium equations,

(Tcos8)y =psin@, (Tsinf) = —pcosé. (40)
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Fig. 5. Normal load p, nonconservative: the function J(ey, )= (1+ egXey/P) sin(f /e;) for p=1.

This is a type of follower-force problem which is apparently non-conservative, having no
potential V similar to (33), with Eqgs. (40) as Euler equations of 8V = 0. Similar calcula-
tions lead again to T8’ = —p and T= T, = f(e,), a constant stress. Hence the solution is
given by (35), except that B,=p/f(e,) and Cy=(l +e,)f(e,)/p, resulting in the
following equation replacing (36);

1 +e
P

J(eq, P)= F(e,) sin =1+y. (41)

P
F(‘-’o)

Thus Theorems 10 and 11 are valid, except for different constants P,, P,, »,, », and », and
without the statement concerning the instability of compressive solutions. Theorem 12
remains true, for the new constants B;, C, defined above. The arguments leading to
Theorem 13 have to be slightly modified. J(e, P) now oscillates between the pair of
parabolas y(e)= +(1 + e)e/P (see Fig. 5). The behavior of J for small e is the same as
before, the values of Jy; , differ but little from those given by (39). Hence Theorem 13
remains essentially valid.

6. Kinetic stability of the Foppl solution

The energy method is based on the observation that the transition from stability to
instability is determined by the fact that the potential energy V ceases to be positive
definite. This approach is restricted to conservative problems. It is not known, whether
this static method generally yields the same results as the kinetic method for elastic
continua, although it does so in many special cases. In the kinetic method, whose
applicability is not restricted to conservative problems, the motion of a body in the
vicinity of the equilibrium is investigated: A static solution is considered unstable, if the
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general free motion of the body in the vicinity of the static solution is not bounded,
otherwise the solution is called stable (problems of hydrodynamic stability are generally
investigated by this method).

The general approach in what follows is to start from the equations of motion of the
string, and to consider solutions of the type u (x)+u(x, #), w,(x) + w(x, t), where u_, w,
stands for the static solutions under vertical or normal load given in the preceding
sections. In accordance with the kinetic method, the equations of motion are linearized
with respect to #, w and motions of the type i = u(x)e’’, w = w(x)e’“’ are investigated,
from which the general free motion is obtained by superposition. The boundary conditions
determine a set of frequencies w,. If w? > 0 for all i, &, w are bounded for all ¢. If w? <0
for some i, #, w may increase exponentially with 7 - co. Hence we employ a principle of
linear stability.

Adding the inertia term pW,, to Eq. (16) of the Foppl approximation, where W, = aW /dt,

= linear material density of the string, assumed to be constant, we obtain the equatlon of
motlon

+!
(coterf " Wele, 1)) e+ P= o, (42)
This is a special case of the nonlinear beam equation, for P =0,
! 2
(,B + y/ ug(¢,1) dE)un —au,, =u,+8u, a,B,v,8>0,
0

studied by Ball [12] as an approximate model of the transverse motion of an elastic beam
with fixed ends. Setting in (42) W= W, (§) + W(&, t) yields, upon linearization in W and
cancelling terms satisfying (16),

26, (8) [ W(&) (&, )&+ Ty = o7, (43)

Calculating W/, W from (9), we obtain upon integrating by parts and using W(/, )=
W(-11)=0,

TWe- oW, =B W(t.0dt,  and  ab+@w=pf W(oae @)

where W(¢, 1)= W(§)e'', B=2¢c,(P/T)?, B=P ?/QIT*)> 0, and Q*=pw’/E. The
homogeneous equation (44) for W(£) together with W(+/)=0 represents a (non-stan-
dard) eigenvalue problem. Setting

(B/) [ W(£)ag=8,, (45)

we distinguish two cases.

(i) b*: = Q%/¢ > 0. The solution is W = C sin b£ + D cos b¢ + B8, /b%. Imposing W(+1!)
=0, we have either (ia) C=0, i.e. bl =nw, D= —B,/(b? cos bl), or (ib) sin bl =0, i.e.
bl=nm, D=(—-1)""'8,/b* C=0.

The equation for the determination of the eigenvalues is now obtained by substituting
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W into (45). In the subcase (ia) we find

%tanX=l—m1X2, X=0(9%¢)"*>0, my:=e(T/PI)=(5+4)/6A.

(46)

Equation (46) has an infinite number of solutions X, >0, with X ~(m—1/2)7, for
m — 00. The eigenfunctions are

W, (£)=cos X, —cos( X, &/1)= W, (—¢£). (47)

In the subcase (ib), the condition b% =2I8=(P/T)* is obtained from (45). Since
b% = (nm/1)?, (ib) yields one eigenvalue if and only if P and T; (or ») satisfy (P/T)* =
Tn’n?/( EI?), or equivalently m n’z? =1 for some integer n. In Problem S, T = T, while
T is determined from Eq. (10) in Problem H. The eigenfunctions for this eigenvalue are

W(g)=C,[1=(=1)" cos(nmt/1)] + C, sin(nnt/1), (48)

with C,, C, arbitrary constants. Thus A = Q%! = (n7//)? is a double eigenvalue. If
C, =0, W’(O) = 0, that is, W is in general unsymmetrlc

(i) R2/e<0, b:=(—Q 2/¢)!/2, The solution is W = C sinh b¢ + D cosh b¢ — 8,/b>.
Imposing W(+/)=0, we have C=0, D= 8,/(b?cosh bl). A similar calculation as in
case (i) yields

1 o
7 tanh Y=1+mY? Y=1(-Q%¢)?, m=(8+4)/6A. (49)

Equation (49) has no solution if m, > 0, or if m, < —1/3, it has exactly one positive
solution Y, if —1/3 <m, <0, as will be shown below. In the latter case, there is a
symmetric eigenfunction

W (&) = cosh Y, — cosh(Y, /1) = W,(—¢£). (50)

For tensile solutions 7 > 0, we have m, > 0. Case (i) yields an infinite sequence Q2 =
e(X,/1)? >0, with lim Q2 = o0, and one additional eigenvalue Q2 = e(nw/I)? if m, =
(nm)™2, n integral. Case (ii) yields no solution. Thus all frequencies w,, are real positive.
For compressive solutions T <0, we have m; <0. Case (i) now yields a sequence
Q2 =e(X,/)? <0, with lim Q% = — c0. Case (ii) yields one solution Q3= —¢(Y//)?>0
if —1/3 <m, <0, or no solution if m, < —1/3. As 22, <0 implies w,, = +i|w,,|, admit-
ting solutions W(£) exp(|w,,|[t) = oo with ¢ = oo, we conclude kinematic instability. We
summarize the results in

Theorem 14. On the basis of Eq. (42), the static solutions of the Foppl approximation for
uniform load given in Section 3, are kinematically stable if T is positive, they are
kinematically unstable if T is negative.

It remains to discuss the solvability of Eq. (49). Obviously, there is no solution ¥ > 0 if
m, > 0. For m, < 0, Eq. (49) has no solution if and only if 1 + m,Y? < (tanh Y)/Y for all
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Y > 0. From the series expansion of tanh x we have

-} 2

% tanhx= Y (-1)""'Cx*""2=1 —%+ (C;— Cx?)x*+ (G5 — Cex?)x® + ...

n
n=1

(51)

where C,=2%"(2*"— 1)B,,_,/(2n)!, B,,_, being the Bernoulli numbers 1/6, 1/30, etc.
From the classical formula

2n
G-a(2) 1+ ]

; 32n 52n

it follows that C,, ,x2/C, <x?(2/m)*< 1, so that all terms in parentheses on the right
hand side of (51) are nonnegative for x < /2. Therefore,

%tanh Y>1-34Y?>1+mY? if m<-—1,

which actually holds for all Y > 0. On the other hand, if m, > —1/3, the derivative of
(1/7) tanh Y near Y = 0 will be less than 2m,Y, so the parabola 1 + m,Y? must intersect
(1/Y) tanh Y once (the value m, = —1/3 in Problem H implies 8 + 34 = 0, which also
results from d[ 4(8 + 4)%}/d A = 0, hence m, = — 1 /3 corresponds to the maximum of the
function F(4) in Fig. 1).

It is worth noting that both the energy criterion and the linear kinetic analysis yield the
instability of solutions with T'<0. In the latter method, one positive eigenvalue Q2 is
found if —1/3 <€*(PI/E)"*<0 in Problem S, and if —1/3<(8§+A4)/64<0 in
Problem H. The occurrence of one double eigenvalue 22 = (nw//)?, in addition to the
standard (Sturm-Liouville) eigenvalues is caused by the integral term in Eq. (44). It was
only after completion of this work, that the authors became aware of a paper of Liouville
[13] in 1837 on the solution of a similar integro-differential eigenvalue problem arising
from thermodynamics.

In the preceding analysis, based on Eq. (42), a horizontal component of vibration
U(¢, t) has not been included. Although the Foppl approximation U < W is retained,
there is no a priori reason for ignoring U in a kinetic stability analysis, because both U
and W are treated as small quantities, not excluding U = O(W). In order to examine the
influence of U, we proceed to carry out an exact (linear) stability analysis that accounts
for both components U and W.

Adding the inertia terms to the static equilibrium equations (5) and (6), we have the
equations of motion for U= U, + U, W=W,+ W

E(U+1W2) =oU,,  E(UW,+iW2)e+P=oW,. (52)

Linearizing, cancelling static terms satisfying (5) and (6) and substituting U;, U, W/, W/’
from (9) for constant load P, we obtain, after some rearrangement of terms,

U~ 7(6W,) . = (0/EVT,,  (3(&)W,),—7(¢0;),= (o/E)W,, (53)
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where §(£) =€+ 7°¢2, ¥=P/T,. Assuming U = U(£)e’", W= W(£)e'“" and passing to
the dimensionlessﬁvariables (19), we obtain the following eigenvalue problem for f(x): =
U(xl)/1, g(x)= W(xI)/I

[P+ Nf=v(xg’) =0, (q(x)g) +Ng—v(xf)=0, —l<x<1, (54)
where A2 = pw?/?/E, y = /¢, p = PI/E, q(x) =€+ y>x?. The boundary conditions are

(=D +vg (=) =f(1)-vg'(1)=g(-1)=g(1)=0  (ProblemS),  (55a)
f(=1)=f(1)=g(-1)=g(1)=0 (Problem H).  (55b)

The former conditions are obtained from 7 = 0 by substituting W’(£) into
T=T,+T=E(U + G+iW2+WW,), T=0=U+WW,

the latter are obvious. A complete analysis of this eigenvalue problem has not been
achieved as yet. A stability result will be given in Theorem 15 below.

Lemma A. Suppose € = 0, then the system (54) is regular for all x, —1 < x < I

Proof. Define v = f’, z = g’, and solve the linear equations (54) for v’ =f" and 2z’ =g",
which is possible since the determinant is ¢ — y*x? = € = 0. The resulting first order system

fory: =(f, g, v,2)7,
d e B 0 I B 0 0
tre RS TS bl N S L (56)

with

2 2,2
= (1 0)’ C2=1(xy (e—x7y )Y), E, - _1((1 xv),
0 1 “ly —xy? €ixy 1
is equivalent to (54), the (4, 4)-matrices A and B are holomorph for all x. This can also be
verified directly from (54) by expanding the solution f, g in series r*¥c,r" for r = x, or
r=x—x,, with g(x,)=0. The characteristic equation for « then yields &; =0, a, = 1,
and no terms ¢ log |r|. Hence, neither x = 0 nor x = x,, are singular points of (54).

Lemma B. If € = 0, the eigenvalue problems (54) and (55) are selfadjoint. There exists a
sequence of real eigenvalues A%, having no limit point except at infinity, and a complete
set of orthogonal eigenfunctions. All A?, are positive if € > 0.

Proof. Introducing z = (f, g)7, the system (54) is equivalent to

1 —¥x

¢z: = — (D(x)7') =Nz, D(X):=(—yx q(x))=D(X)T. (57)

Let z and w: = (f, §)7 be twice differentiable, and let f, g and f, § both satisfy the
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boundary conditions (55a) or (55b), then the usual integration by parts yields
+1 +1 ~ ~ wr
(w, ¢2): = f 1 wipzdx = f 1 [f’f’ +qg'g —yx(f'g' +18)|dx=(z, ¢w). (58)

Since det D =g — y*x?2=¢=0, D is invertible for all x, and ¢ is selfadjoint. It follows
from Lemma A that all solutions of y’ — Ay = 0 are holomorph, the same is true for all
solutions z of the equivalent equation (Dz’)’ = 0. Therefore, a continuous Green’s matrix
exists so that the eigenvalue problem (54) and (55) is equivalent to z = A’K'z, where K is a
compact selfadjoint integral operator. The usual proof that such operators have a
complete set of eigenfunctions with real eigenvalues carries over [7]. For two pairs of
eigenfunctions ( f;, g;), i = 1, 2, we have

+1 )
[AA® +a()nxldx=0, it X=X, (59)
Let z be an eigenfunction, with eigenvalue A, then we obtain from (57) and (58)

N(z,z) = (z, $z) =f_+11(z’) "prdx=:0(z). (60)

The eigenvalues of D(x) are given by

pa=31+ Q£ (1+q) —de=1(1+q) £1/(1- )+ 47257

It follows that ,, p, > 0 if and only if € > 0. In that case D is positive, the quadratic form
Q(@') is positive definite implying A2 > 0 for all n. If e <0, then g+ 1 = 1 — |¢| + y2x% > 0,
since |¢| < 1 in the Foppl approximation, and it follows that u, > 0, u, < 0 implying that
Q(z’) is indefinite, but the sign of Q(z’), z an eigenfunction, cannot be determined. Thus
we have

Theorem 15. On the basis of Eqs. (52), the static tensile solutions of the Foppl approxima-
tion for uniform load, given in Section 3, are kinematically stable, for compressive
solutions the eigenvalue problem is indefinite.

This theorem remains valid for an arbitrary load P(£). The calculations leading to Eqgs.
(53) can be performed by substituting into (52) U,,..., W’ from (13) and (14), resulting in

(755_(F($)I75)5=pE_1(7”, (5($)Wg)5—(f($)(75)5=pE“W,, (533)

with 7(£§) = (Q(£) — 0)/T, 5(£) = € + 7(£)*. This leads to a selfadjoint eigenvalue problem
as before, with yx and g(x) in (54) replaced by functions r(x) and s(x), respectively, and
f(£D)Fr(1)g’'(£1)=0 in (55a). Lemma A remains valid, as the determinant in the
reduction to a first order system is again s(x)—r2(x)=¢=0. Lemma B remains valid
also, with yx and ¢(x) in D(x) replaced by r(x) and s(x), respectively. Thus ¢ is
selfadjoint, it is positive if € > 0, whence we have

Theorem 16. On the basis of Eqgs. (52) the static solution U, W given in (13) and (14) for
arbitrary load P(§) is kinematically stable if ¢ is positive.
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In the case € <0, it may be conjectured that both infinitely many positive and infinitely
many negative eigenvalues occur. This is the case for scalar eigenvalue problems of the
form

—(p)Y+q=Ary, a<x<b, p(x)>0, r(x)changingsignin (a,b),

together with appropriate boundary conditions at x = a, b to make the problem selfadjoint
(see Kamke [14]). The equations (54) can be rewritten in the form

q XY

- r— )2 — 1
z”’ + Sz’ = N\°Rz, R=¢ (xy 1

) —R". (61)
The eigenvalues r,, r, of R are positive if € > 0, whereas r, <0, r,> 0 if € <0, ¢/ < 1. But
we have not been able to prove a result analogous to Kamke’s for the present problem.

In order to further examine the case e < 0 and to compare the results with those of the
simplified analysis based on Eq. (42), it was decided to compute some eigenvalues
numerically. We first observe from the form of Egs. (54), that two modes of vibration
occur: solving (54) for 0 < x < 1 with f(0)=g’(0) =0 and one of the end conditions at
x =1 yields the symmetric mode, with f(—x)= ~f(x), g(—x)= g(x). A solution of (54)
for 0 < x < 1 with f(0) = g(0)= 0 and (55a) or (55b) for x =1 is defined as the antisym-
metric mode, where f(—x)=f(x), g(—x)= —g(x).

The differential equations (54) and boundary conditions (55) are discretized by a
method given in Varga [15], using central differences on a uniform mesh, setting x, = jh
and f,=f(x;), g;=8(x;), j=0,1,...,m+ 1. The set of difference equations is then

Table 1
Approximate eigenvalues (columns 1) based on (44), eigenvalues A> based on (54) and (55b), symmetric mode
(columns 2) and antisymmetric mode (columns 3), 5: = p/E

1 2 3 1 2 3
»=0 0.182 0.182 0219 | »=0 0.846 0.828 0.631
p =001 0.585 0.539 0936 | =0l 2718 1.877 3.471
¢ = 0.0255 1.581 1.483 2116 | €=0.1185 7.339 5.628 4.294
3.091 2.905 2.836 14350 11139 8.210
5.107 4.789 23702 13435 14660
1 2 3 1 2 3
y=—02 0.177 0.121 0041 | »=-02 1.035 0.878
p =001 0.521 0.370 0234 | 5=001 -0191  -0131  -0.045
¢ = 0.0089 0.997 0.738 0.546 | €=—00093  -0564  —0403  -0.253
1.306 1.004 0.982 -L12l  -0807  —0.589
1.824 1.260 1.538 -1.862  —1341  —1059
1 2 3 1 2 3
»=—02 - 39.42 22 | »=-05 2.189 1.72 6.34
=001 - 9.87 247 | p=01 -0501  ~062  —0.18
€=—0199%6  —0.49  —049 -197 | e=-0062  -1280 —199  —123
—4432 442 ~17.86 -3752 -402 292
-1231  -1226  —17.63 -7421  -671  -528
-2413  -2396  -3123 ~8.29
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equivalent to a system of N =2m + 1 linear equations Ay = A*h’Ey, where A = A" and E
are real (N, N)-matrices and y is an N-vector. E is diagonal with all elements 1 except the
first one, which is 1/2. The matrix 4 is sepdiagonal, further details are found in a
forthcoming report [16].

The eigenvalues A* and eigenfunctions f;» g, (for uniform load) were calculated by the
OR-method for mesh spacings # = 1,/20 and h = 1/40. As a check, the resulting values for
A% and the initial values for (f, g, v, z) at x = 0 were taken to solve the system (56) by a
high-accuracy Runge-Kutta method, the solution at x = 1 should then satisfy the boundary
conditions (55) approximately. An additional check is provided by the orthogonality
condition (59). With the ordering |A?| < |A%, || and h = 1/40, the first four eigenvalues, say,
may safely be assumed to differ from the exact values by less than 1% (on the basis of the
above checks and the O(h?) difference approximation employed).

In Table 1, the first few eigenvalues e X2 from Eq. (46) (or (49)), based on the
approximate model (42), are shown in columns 1, they refer to symmetric modes, because
the case (ib) does not occur for the chosen values of 7 and ». The first few approximate

SYM
A,=0182

/\3:1.483

'2'0% 06 08 0

A,=0539

W 2520936
A:0219

A3=2.115

Fig. 6. Foppl kinetic stability: the first three symmetric (SYM) and antisymmetric (ASYM) eigenfunctions u(x),
w(x) forv=0, p=0.01.
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SYM

ASYM

4 06 1.0
/\2=3. 472 /\3=l..291.

Fig. 7. Foppl kinetic stability: the first three symmetric (SYM) and antisymmetric (ASYM) eigenfunctions u(x),
w(x) forv=20,5=0.1.

eigenvalues A2, for symmetric and antisymmetric modes, calculated by the preceding
difference method, are displayed in columns 2 and 3, respectively. For » =0 p = 0.01,
there is fair agreement of columns 1 and 2, but for larger values of p and » = 0, only
qualitative common trends are observed, due to the approximation involved in model (42).
The results also cast some doubt on the validity of the nonlinear beam model studied in
[12]. In some cases € < 0, where Eq. (49) has one positive solution, one positive A? is also
found among the lowest few eigenvalues of (54) and (55). With increasing — e, no positive
roots are found from (49), while the number of positive A> found from the (discretized)
equations (54) and (55) seems to increase, although the “density” of the negative
eigenvalues is much higher.

In Figs. 6 and 7, the first three symmetric and antisymmetric eigenfunction pairs
(f(x), g(x)), denoted again by (u, w) are plotted. In general, both the symmetric w and
the antisymmetric ¥ have no internal nodes for A> = A2, the antisymmetric w and the
symmetric 4 both have exactly one node at x = 0. The number of nodes of # and w is
nondecreasing with increasing A? (deviations from these trends were observed, see [16]).
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7. Kinetic stability of the exact normal load solution

The equations of motion of the exact nonlinear theory of strings are obtained from the
equations (23) and (32) of Sections 4 and 5 by adding the inertia terms:

(T cos 8) . =pu,, (Tsin ), +p(x)=pw,, (62)
(Tcos8),—p(1+e)sinf=pu,, (Tsinf),+p(l+e)cosd=pw,, (63)

for vertical and constant normal load, respectively. Considering only the latter case in
detail, we shall study the kinematic stability of the static normal load solutions given by
(35) and (36). It turns out that a complete analytic solution of the stability equations can
be found, while numerical methods must be employed in the case of vertical load.
Setting T= T, + T(x, t), § =80, + 8(x, t), etc. in Egs. (63), with T, = T, = f(e,), 6, =
— Byx according to (35), and cancelling the static terms satisfying (32), the resulting
equations are linearized with respect to the barred variables. Separating the tlme factor
e from T, 8, &, w and denoting the amplitudes again by T, 8, u, w, that is, T = T(x)e’*"
etc., the following equations are obtained

cT'— Tys' — BisT+ pw’u=0, c:=cosf,(x), s:=sinb,(x), (64)
64

sT' + Tyc' + BicT+ pu?*w=0, B:=pfo—B,, f,:=1/f(e,),

where f(e)=f(e,+ &)= f(e,) + &f'(e,)= T, + T has been used. Similarly, we get from
(20) upon linearizing and cancelling static terms

T= —l-(cu’ +sw'), @= (ew’ — su’). (65)
fo

1+ e,
Inserting these relations into (64) and simplifying yields, after some algebra,

(Plu’)’+ (P2wl)’_pf0w’+pw2f0u=0’ (66)
(Pw') + (Pw’) + pfouw’ + pu’fw =0,

where P,(x) = a + Bc?, Py(x)= Bcs, Py(x)=a + Bs?, a=pf,/B;, B=1—a. In Problem

H, we have u=w=0 at x= 11 whereas T=w =0 in Problem S. Hence the boundary

conditions are

u(+1)=0, w(+£1)=0 (Problem H), (67,H)
w(+£1)+B,w(£1)=0, w(+1)=0 (ProblemS§), (67.,9)

where B, = —tan B,, which results from (65). Egs. (66) and (67) constitute a linear

eigenvalue problem for u, w and A: = pw?f,. Setting z = (u, w)7, egs. (66) can be written in
matrix form

Lz: = — (A(x)Z' ) —pfyBz = Az, A=(2 2), B=((l) _(l)) (68)
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We note the close similarity between egs. (54) and (66). In fact, Lemma A holds also for
(66) if e, = 0, which is proved in exactly the same way, that is, by deriving a first order
system of the form (56) with regular (4,4)-matrices A ,, B, equivalent to (66). However, due
to the presence of the term Bz’ in (68), we are not able to get a complete analogue of
Lemma B. We do obtain self-adjointness for Problem H, but not for Problem S. In the
former problem, we find A, > —c for tensile solutions, but not A, > 0.

Theorem 17. For e, = 0, the eigenvalue problem (66) and (67,H) is selfadjoint, hence all
eigenvalues A, are real. The set of eigenvalues forms a infinite sequence with no finite limit
points, the associated eigenfunctions form a complete orthonormal system.

Proof. Let z=(u, w)T and v = (i, w)”, where both u, w and 4, w satisfy (67,H) and are
twice differentiable, then we have, integrating by parts and using 4 = A”

(v, Lz): =f+lvTdex = vz + (v, A7) ——pfofH(Wu’ —aw’)dx
-1
= (&, av) +pfy [ (b — wit)dx = (z. L). (69)
-1

A(x) is invertible for all x, as det A = a = f, T, /(1 + e4) = 0. The self-adjointness of L now
implies that all eigenvalues are real. In view of the regularity of the system (68), the
existence of eigenvalues and eigenfunctions follows by the same argument as in the proof
of Lemma B of Section 6, completing the proof of the theorem.

In Problem S, the above integration by parts, with eqgs. (67,S), yields the boundary
term,

vzt =a( P + Pzw’)]t}
= (Py(1) = B,P, (D)) [a(D)w'(1) +a(—Dw'(~ 1)] =274v]" ] (70)

It is easily checked that P,(1) = B, P,(1), whence problem (66) and (67,S) is not self-ad-
joint. We shall show below by a different method, that there exists an infinity of real
eigenvalues, but we cannot exclude the occurrence of complex eigenvalues in Problem S.

Theorem 18. The eigenvalues A, of problem (66) and (67,H) for ¢, > 0 are bounded from
below, that is, lim A, = + 00. More precisely,

n— oo n

A, =m(ey) —m,(ey), m,: =3w? min(l, @) > 0, my=2apf, >0,
foTo
a= [ +eg (71)

If p, e, satisfy a <1 and 4p <#'T,/(1 + ¢;,), then all eigenvalues are positive, and the
static rensile solutions for normal load, given in Section 5, are kinematically stable.

Proof. Let z be a normalized eigenfunction with eigenvalue A, then we have from (68),

(z, Lz)=(z', Az’) — pfo(z, B') = A(z, z) = )\fjl(uz +w?)dx=A. (72)
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Calculating the eigenvalues a; of 4(x), we find a, =1, a, =a=fT,/(1 + ¢;). Thus 4 is

positive for e, > 0, and we have (z, Az') > min(l, a)(z’, z'). The term involving B is
estimated as follows, using the Schwarz inequality

12 12
|(z, Bz)| </+l(|u’w| + |uw’)dx < (fwzdxfu’zdx) + (/uzdxfw’zdx)
-1

NN

1/2
<( J e wiax) QD =+ < W) (73)

1,0\ 2 2
it = “Mutax) L i = 1,

and the following estimate has been used: Let u(x), v(x) be any functions vanishing at
x = + 1 and satisfying ||u}|*> + ||0]|* = 1, then, as will be proved below,

i 7 ™ ! Y
]l + 11wi* > Z (1l + o) (74)

Now we have ||u]|? +|w®>=(z, z) > 7%(z, 2)/2 = 7*/2, since (7/2)? is the smallest
eigenvalue of ¥” +Au=0, u=0 at x= +1. Collecting the preceding estimates and
inserting them into (72), we obtain

A> (min(l, @) —%pfo)(z’, z') > i#? min(1, a) — 27pf,,

the last term being positive if « < 1 and 7a > 4pf;,.
It remains to prove (74). From (a + b)? < 2(a® + b?) we find

)2 + llo]1® 7 7
20———" =¥+ |V]|= F(ul+ o) = 5 75
o > I 1> 5 Gl + o) > 5 (75)
asg?+ b*=1impliesa + b > 1 for a, b > 0, and u(1) = u(— 1) = 0 implies [|u'|| > (7/2)||u|
by the above argument. This completes the proof of the theorem.

Remark. In order to improve the estimate (71), more precise information on the value of
(z, Bz’) would be needed. The bound m,(ey) — m,(e,) is positive for sufficiently small p,
but will turn negative if ¢;,/p becomes small, as m,(0) = 0. In the latter range, multiple
tensile solutions may exist, according to Eq. (36). The actual occurrence of negative
eigenvalues A, in this range would then cause some tensile solutions to be unstable.

The above appraisal for (z, Bz’) holds independent of the sign of e,. In the case ¢, < 0,
A(x) is indefinite (a, = 1, @, = a < 0), but the sign of (z’, 4z’) in (72), depends on the
range of z’, which seems difficult to estimate a priori. Hence, instability of compressible
solutions cannot be deduced from (72).

Recall that both Problems H and S are self-adjoint within the Foppl approximation
e < 1, T, = Ee,, f, = E™'. The reason is that the term pf, Bz’ in (68) is negligible in this
case. We then have sin §y(x)= —Byx, a=e¢y/(1 +eg)=e,, B=1, By=p/Ty=v, pfo=
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p/E, and therefore, approximately
P =1, P,=-yx, Py=e,+y*x*=¢q(x),

in terms of the quantities defined following Eq. (54). For any elastic material 7 < FE,
which means p/E < y. So the terms of pfyu’ and pf,w’ are indeed small compared with
the other terms in eqs. (66). Furthermore, using B, = —tan B, = —vy in (70), we have
P,(1)— B, P, (1)= —vy+ vy =0 in Problem S. Hence all non-selfadjoint terms disappear for
small e,.

Returning to the general case, we now proceed to give a different formulation of the
stability problem, rather than attempting a direct analytic solution of eqs. (66). As the
nonlinear egs. (63) are rather complex, when expressed in terms of the variables u, w via
(20) and (21), we eliminate # and w to get a more convenient set of the nonlinear dynamic
equations in terms of the variables § and T (or e). Differentiating (63) with respect to x
and substituting from (20) for u,,, w,,, two equations are obtained, which are added
(subtracted) after multiplying the first one by cos 8 (sin ) and the second one by sin 8
(cos 6). The result is

T..— T62 — pgb, = p(q,— q6?),
(76)
T8, +2T.0, +pq.=p(q6,+290,), q:=1+e=1+g(T),

(see [17] for an equivalent transformation). For 7> 0, (76) is a set of nonlinear hyperbolic
equations in 7 and . Similar equations can obviously be derived from (62). The boundary
conditions w(l, t)=0, u(1, ) = » now transform into nonlinear conditions for T and 0,
namely

T(1,1)6.(1,t)=p(1+g(T)), flqcos0dx=l+v
0

which result from (63) after setting u,, = w,, = 0 at x = 1 and eliminating sin 8, cos §. For
the linearized equations below, the boundary conditions are much simpler.

The stability equations are now obtained by setting T= T, + T(x, t), § =6, + 0(x, t),
with T, =T, §,= — B,x as before, and linearizing (76) with respect to T and 8, which
yields, upon cancellation of the static terms satisfying (32)

T;x + BOBIT+BOT00_x = pfOT-;n

_ _ _ (77)
T0011+ (Bl _BO)Tx = p(] + eO)ott’

where B, and f, have been defined in (64). Separating ¢’ from T and §, and denoting the
amplitudes again by T(x) and 8(x), we have the following differential equations, which
can also be derived from (64) and (65) by eliminating « and w,

T"(x) + BTy’ (x) + ( By B, + pw’fy ) T(x) =0,
(78)

T,0"(x)+ (B, — By)T'(x) +p(1 + eg)w?8(x)=0.
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With one of the following two sets of boundary conditions

T'(+£1)=0, 0'(+1)+(B,/T,)T(£1)=0 (Problem H), (79.H)
T(£1)=0, 0'(+£1)+ (B,/T))T'(£1)=0 (Problem S), (79,S)
where B, = —tan B,, egs. (78) define a linear eigenvalue problem for 7, § and w?. As the

coefficients in (78) are constant, there is an elementary solution, together with a transcen-
dental equation for w?. This is also true for the eigenvalue problem resulting from the
normal load problem (40), but not for the vertical load stability problem, because T, and 8,
given by (24) lead to linear equations for T and 8 with variable coefficients, not solvable in
closed form.

It remains to derive conditions (79). Inserting T=T, + T, .. w= w,+ w into (63),
linearizing and setting x =1, u=w =0 (Problem H), we obtain with ¢, = cos By, s,=
—sin B,

coT'(1) = so( B,T(1) + T,8°(1)) = 0, (80a)

soT'(1) + ¢o( B,T(1) + T,6'(1)) = 0, (80b)
and corresponding equations for x = — 1. Since ¢3 +s3 =1, T'(+1)=0 and B\ T(+ 1)+
T,0'(+£1)= 0 follow. As (80b) also holds in Problem S, we get the second condition of
(79,S).

The static solution is symmetric because of P = const, thus the above solution T, 8
splits into symmetric and antisymmetric modes in the way described in Section 6. Hence
the eigenvalue problem is considered on 0 < x < 1, with u(0)=w’(0)=0 replacing the
conditions (79) at x= —1 for symmetric modes, and similarly #’(0)=w(0)=0 for
antisymmetric modes. Starting from (63) and proceeding in the way just described, but
setting u=0 at x =0, we obtain 7'(0)=0 instead of (80a), while (20) yields, upon
linearization

esin 0,(x)+ (1+ey)0cos 6,(x)=w,,

so that w’(0)= 0 implies #(0) = 0. Similarly, we find 7(0)= 8(0) =0 in the asymmetric
case. In summary, we have the following boundary conditions for Problems H and S:

(H)T(1)=60'(1)+(B,/T,)T(1) =0, T'(0)=60(0) =0 for symmetric modes, (81)
(S)T(1)=0'(1)+ (B,/T,)T'(1)=0, T(0)=6’(0) =0 for antisymmetric modes.

(82)

The solution of (78) is obtained in the form (T, 8) = (E A4, C)e™ with Ey: = T /e,. The
resulting linear equations for the coefficients 4, C have nontrivial solutions iff their
determinant vanishes. Setting A = 1, the solution of (78) reads

4 4
T/E,= Z K™, 0 Z K,Ce'™, C= (_’ieoBo)_l(’i2 + byB, + >‘foEo)a
i=1 i=1

(83)
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r4+b(e0)r2+c(e0)=0, b(‘-’o)5 =>\(E0f0+k0)+B§. (84)
c(eg): =Ako(AfyEy+ ByB,), A=pw’E; ", ko=1+eg",

provided e, = 0 and the roots r;, i = 1,..., 4 of Eq. (84) are distinct. The coefficients K are
to be determined from the boundary conditions (81) or (82).
The roots r; depend on e, and A. The discriminant of (84) can be written as

b(e0)2 - 4"(‘-’0) = [A(Eofo — k) +B§]2 +4Ako(B, — B,) = :Q(N). (85)

Lemma C. The quadratic form Q(A), A real, is positive definite if e, < 0. For e, > 0 it is
indefinite, if f(e,)/f(ey) <2(1 + ¢,), otherwise it is positive definite. When Q(A) is
indefinite, both zeros of Q(A)= 0 are negative.

Proof. Rewriting Q(A) in the form 4A> + 2BA + C, one finds
2 2
AC-B*= (Eofo - ko) B(? - (2koBo(Bo - Bl) + B02(E0f0 - ko))

= —4kZB3(By— B,) = —4k3B3[2(1+ ) —f(e0)/f (e0)].

For e, <0, T, and B, are negative, implying AC — B> > 0. For e, > 0, B, is positive, but
the term in the brackets may be positive or negative as stated in the lemma. The real roots
I, 1, of AN +2BA+ C=0 satisfy /,/,=C/A4 >0 and

_A(ll + 12) = 4kOBO(BO - Bl) + (EOfO - kO)BO2 = 2k0B0(2’BO_ Bl)

When Q(A) is indefinite, e, >0 and 2B, — B, >0, consequently /, and /, are both
negative.

Corollary. For e, <0, the roots r, of (84) are all distinct. The same holds for e, > 0 if

2(1 +eq) < f(eg)/f (o)

Remarks. Q(A) is always positive for large |A|. For e, > 0, there is a narrow range of A,
I, <A<l <0, where Q(A) <0 if f(ey)/f'(e5) <2(l + ey) (which is always satisfied if
f(ey) = Ee,, e, > 0), and there are double roots if A =/, or /,. These cases can occur if and
only if p, e, are such that A €[/, /,] happens to be also a root of the transcendental
equation that determines the eigenvalues A, (see eqs. (90)—(93) below).

The dependence of the roots r? of (84) on e, and A can now be summarized as follows.

e, >0 (1) A >0, implies b2 — 4¢> 0 and b > 0, with (a) ¢ <0, (b) ¢ > 0.
(2) A <0, admits a range b* — 4¢ < 0, r? complex. If b2 — 4¢ > 0, the subcases are
(@)c<0,(b)c>0,6>0,(c)c>0,b<0.
e, <0 (3) A >0, implies b? — 4¢ > 0, with (a) ¢ <0, (b) ¢>0,5>0, (c) c>0, b< 0.
(4) A <0, implies b2 — 4¢ > 0, with subcases (a), (b) and (c) as in (3).

The signs of the roots in the three subcases are, denoting the two roots 2 by m, and m,:

(aym;>0,m,<0  (b)m,;<0,m,<0 (¢)m;>0,m,>0.
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In terms of the quantities r;, C; defined by (83), we have
r1=/;1‘1= _rz, r3=\/—n1—2= _r4’ Cl=—C2’ C3=_C4.

The list is to be completed by some obvious transition cases such as ¢ =0 in (1) with
m, =0, m, <0, and by the case b*>=4c for e,>0, A <0, where m, =m,= —b. For
materials f(e) = Ee (B, = —p/T;) the case (2a) cannot occur; in case (2) one has b= 0.

It remains to determine the constants K, of (83). We shall consider one case in detail, it
will be seen from the solution process that all other cases can be treated in exactly the
same way. Consider Problem H for symmetric modes, and suppose that ¢4, A are such that
subcase (a) applies, that is, , , = + ‘/;1‘1 and r; , = tiy—m,. The boundary conditions
8(0)= T'(0)= 0 of (81) are satisfied by setting K, = K,, K, = K, (in all subcases (a), (b)
and (c), and also in Problem S). Thus we have

+3K, [( _ 1C3 )e'ﬁx + ( _ 1C3 )e"p"]

e

where s: = ,/r;z‘, , B: =/ —m,. The remaining conditions of (81) yield

sK, sinh s — BK sin B = 0,
I 38in 8 (86)
(sC,+E,)K, coshs+ (iBC;+ E\)K;cos B=0, E,=Ey,B,/T,.

The determinant of this system must vanish for solutions (7, 8) = (0, 0) to exist. Inserting
the real constants C;, iC; from (83), the following transcendental equation for the
determination of the eigenvalues A results:

s(B2=XN)tanhs—B(s2+N)tan =0, N:=Af,E,. (87)
Recall that s and B are functions of A. Solving (86), the eigenfunctions are, up to a constant
T(x) = ByT,(B sin B cosh sx + s sinh 5 cos Bx),

(88)
8(x)= —s"'(s*+ ByB, + \')B sin B sinh sx + B~ '( B2 — ByB, — X'} s sinh s sin Bx.

The transcendental equations for subcases (b) and (c) are
B, tan B,( B} — N') =B, tan B, (B2~ \'), s, tanh 5,(s2 + X') =5, tanh 5, (s2 + \'),
(89)

respectively, where s, = ‘/m >0, Bj=\/—m;, j=1, 2, with corresponding expressions for

the eigenfunctions. Equations. (87) and (89) can be combined into the single equation (90)
below. The transition case ¢ =0 in (1), r, = r, =0 requires that all K, are zero, unless
B =n=n, n=integer. The double root case m, = m, could easily be treated by including
terms Kxe"™ in the expressions for T and #. Apart from these cases, which can occur only
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for exceptional values of p and », the solution of the eigenvalue problem (78) and (81)
Problem H, is complete for real 72, the eigenvalues A, must be found numerically from
(90). The only eigenvalues not covered are those in the interval (/,, /,) for e, > 0, if there
exist any (see Remarks following Lemma C).

The boundary conditions (82) at x = 0 for antisymmetric modes are satisfied by setting
K,=—-K,, K,= —K,, otherwise the calculations proceed in the same way, in both
Problem H and Problem S. We list the results for the transcendental equations together
with the case treated above, but omit listing the eigenfunctions analogous to (88).
Problem H, symmetric modes:

s(#2+X') tanh s — ¢(s%2 + X’) tanh ¢ = 0; (90)
Problem H, antisymmetric modes:

s(¢2+N\) tanh ¢ — ¢(s% + X’) tanh 5 = 0; (91)
Problem S, symmetric modes:

s> —t>=ByB,(s tanh s — ¢ tanh ¢); (92)
Problem S, antisymmetric modes:

s*—t*=ByB,(s coth s — ¢ coth t), (93)

where s = s(A), t =t(A), s = ,/m_, ifm>0,s=i/—-m if m <0, andt=\/r;; if my, >0,
t=1/—m, if m, <0. Note that (90)-(93) are valid for ¢, >0 and e, <0, for arbitrary
elastic material 7 = f(e), and for all real A = 0. For Problem S, only the rea/ eigenvalues
are given by Eqs. (92) and (93), except those in the interval [/, /,] for e; > 0. The analysis
of the solutions of (84) is more involved for complex values of A not excluded in Problem
S.

Finally, we propose to analyze the preceding equations for large |A|. The discussion will
be carried out in detail for one particular case, the treatment of the remaining cases is
analogous.

Consider Problem H for symmetric modes, ¢, <0 and A <0. From (84) we have
c(eg) < 0if |A|is sufficiently large, thus case (4a) with m, > 0, m, < 0 and (87) applies. We
wish to show that (87) has infinitely many solutions A < 0. For this purpose, rewrite (85)
as

B —d4c=bN(1+2b, A7+ O(A72)),  by:i=fE;—ko>0,

for |A| = oo, where b, is a constant independent of A. With this, the following asymptotic
expressions for the solutions r2 of (84) are obtained

m;=F(A): = —fyEoA-3(B3 +b,b,) + O(A™") =57 >0, (94)
my=G(N): = —koA = $(Bf — b,b,) + O(A™") = - B> <0. (95)

Inserting these expressions into Eq. (87) we find, in terms of g, = (f,E,)"/?, g, = (—k¢)"/?,
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and X =|A|"/2,
—g,X tanh[ g, X(1 + O(X~2))] b, X*(1 + O(X~?))
+g, X tan[ g, X(1+0(X72))](B¢ + b,b, ) (3 + O(X72))=0 (96)
for X = oo. Dropping all O( X~ ?)-terms in (96), we obtain
H(X):=X*tanh g X—gytan g, X=0 (97)

where g, = 0 is a constant. Observing that X tanh(g, X) is regular for real x, its graph
must intersect the graph of tan(g, X) infinitely many times. Furthermore, the function
H( X) takes on arbitrarily large positive and negative values between its zeros. Therefore,
passing from (97) to (96) by including the terms of order O( X ~?) will not remove zeros if
X is sufficiently large, and it follows that (96) has an infinity of roots X, > 0.

A similar result holds for e, < 0, A > 0. Again case (4a) applies for sufficiently large X,
except that m, =s2=G(A) and m,= —B?=F(A), as defined by (94) and (95). An
equation corresponding to (96) is obtained with g, and g,, as well as b, X? and
(BZ + b,b,)/2, interchanged, which yields, upon dropping O( X~ ?)-terms,

tanh g, X — g, X* tan g, X =0. (98)

The same reasoning as before leads to the conclusion that (98) and therefore (87) has
infinitely many solutions A, > 0. Thus we have established

Theorem 19. The eigenvalue problem (78) and (79,H), e, <0 has an infinity of positive
and an infinity of negative eigenvalues. Hence the static compressive solutions of Problem
H for normal load are kinematically unstable.

This result can be regarded as a counterpart of Theorem 18, observing that the two
problems (66) and (67,H), and (78) and (79,H) are equivalent. The asymptotic method
may also be used to verify the earlier results for e, > 0. If A <0, case (2c) with ¢(e;) > 0,
b(ey) < 0 applies, which means that the A, are determined by Eq. (90) with both s and ¢
real. Following the above procedure leads, up to terms of order O( X~ 2), to the equation
tanh g, X = CX? tanh g, X, C = 0, which has no real solutions for X sufficiently large. On
the other hand, if A > 0, case (1b) obviously applies, and eq. (90) leads to

tan(g, X) — CX?* tan(g, X) =0, g1* g5 C=0, (99)

for large X. Equation (99) has infinitely many solutions, as will be shown below (Lemma
D). Hence, the earlier results for e, > 0, Problem H are confirmed. In addition, the
existence of real eigenvalues of the nonselfadjoint Problem S, which could not be deduced
earlier, can now be established by the present method.

Theorem 20. The eigenvalue problem (78) and (79,S), e, = 0 has an infinity of positive
eigenvalues. If e, > 0, there are at most finitely many negative eigenvalues. If e, < 0, there
is also an infinity of negative eigenvalues. Hence the static compressive solutions of
Problem S for normal load are kinematically unstable.
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Remark. In contrast to Problem H, it cannot be asserted that all eigenvalues are real.
Apparently this case requires a more subtle discussion.

Proof. For sufficiently large X = |A|'/2, the same cases (4a), (2c) and (1b) apply to e, <O,
A<0,e,>0,A<0,and e, > 0, A > 0, respectively. Inserting expressions (94) and (95) for
m,, m, into Eq. (92), we obtain equations of the following type, upon dropping terms of
order O(X™?)

X=c, tanh(g,X)+c, tan(g,X) for e;<0,A<0, (100)
X = ¢, tanh( g, X) + ¢, tanh(g, X) for e,>0,A<0, (101)
X=cstan(g, X )+ ¢4 tan( g, X) fore,>0, A>0, (102)

where g,, g, have been defined following Eq. (95), with g, = g,, ¢, are constants. The same
reasoning as before shows that Eq. (100) has an infinity of solutions and that Eq. (101) has
no solutions for X sufficiently large. It remains to discuss Eq. (102).

Lemma D. Let f(x), g(x) be continous for x>0, f(x)=0, and let a, B be positive
constants a = 3. Then the equation

tan ax = f(x) tan Bx + g(x) = :h(x) (103)
has infinitely many solutions x, > 0, with lim,,_, _x, = co.

Proof. Assume 0 <a < pf and denote the poles of tan ax and A(x) by x, and y,,
respectively, that is,

x,=7(2n+1)/2a, Yo=m(2m+1)/28. (104)
We choose odd integers M, N such that

2m+3 M+2 B M 2m+1

Mm+3 N+2 « N ¥l

(105)

If B/a=r is rational, select an even integer k such that kr is even. Setting M = kr — 1,
N =k — 1, (105) follows. The modification of the argument for 8/« irrational is left to the
reader. The left hand inequality of (105) can be rewritten as

2m+1 B 2 B Ea Ed
2n+1_a<2n+l(a—1) or  5g(@m+3)<75-(2n+3)

which means y,,,; < x,, ;. Similarly, the right hand inequality of (105) is equivalent to
x, <y,. Now tan ax is continuous for y,, <x <y, ;, while h(x) takes on every real
number between its poles y,, and y,,, . Therefore, the graphs of tan ax and A(x) must
intersect at least once at some x, y, <x <y, .. The periodicity of tan x then implies the
existence of infinitely many solutions of (103), which contains the special cases (99) and
(102).
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Table 2.
Eigenvalues based on (90), (91), Problem H, symmetric mode (column 1), antisymmetric mode (column 2)

1 2 1 2
v=0 0.1781 0.2354 =0 0.7541 0.8058
p§=001 0.5744 0.9864 p=0.1 24678 3.0434
ey = 0.02614 1.5665 2.2137 eq=0.1327 6.9363 4.6888
3.0719 2.6556 10.643 10.229
5.0813 4.0259 14.088 18.229
7.5919 6.2819 23.228 23.033
1 2 1 2
v=—02 0.1448 0.0523 v=-0.2 -0.1576 —0.0566
p=001 0.4779 0.3034 =001 —0.5155 —0.3202
ey = 0.00875 0.9561 0.7289 e, = —0.00893 —1.0520 —0.7653
1.3265 1.3244 1.1291 3.5710
1.7561 2.0868 11.023 23.360
2.5782 2.9981 40.663 62.877

Remark. It is obvious from the structure of egs. (91) and (93) that Theorems 19 and 20
remain valid when restricted to symmetric modes or to antisymmetric modes.

8. Numerical results

The transcendental equations (90)—(93) were solved numerically by a combined bisection-
secant method, taking f(e): = Ee. The first few eigenvalues, for some selected values of »
and p(=p/E), computed from (90) and (91) are shown in Table 2. They should be
compared with those of the Foppl approximation in columns 2 and 3 of Table 1. The
agreement is very close for » =0, p = 0.01. The difference between vertical and normal
load becomes more appreciable for § = 0.1, where the eigenvalues differ by 10 to 20 per
cent. Considerable differences between the values of Table 1 and 2 are observed in
particular for negative », where the static solutions for vertical and normal load behave
significantly different.

In order to compare the displacement modes of the exact theory for normal load with
the Foppl approximation, we calculate u, w from the eigenfunctions (87). This may be
done in several ways, the simplest one is by substituting (87) into (64). For case (a), that is,
m, >0, m, <0, Problem H, we obtain, up to a constant factor,

u(x)=M,(x) cos 6,(x) — M,(x) sin 6,(x),
w(x)=M,(x) cos 8,(x)+ M,(x) sin 8,(x), (106)
where

sin B8 sinh sx — sinh s sin 8x  (symmetric modes)

Ml(x)={

cos B cosh sx — cosh s cos Bx  (antisymmetric modes)
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(B;s™'+ Cie,) sin B cosh sx
+ (B, +iCsey) sinh s cos fx  (sym. modes)
(B,s™' + Cey) cos B sinh sx

— (BB~ +iCsey) cosh s sin Bx  (antisym. modes)

M,(x) =

Alternatively, the preceding formulas may be obtained by first inverting (65), which is
w=fTc—(1+ey)0s,w =f,Ts—(1+ey)0c,

and then integrating (the integration was done numerically as a check against (106)).

The displacement modes for the first three eigenvalues are plotted in Figs. 8 and 9 (with
normalizations chosen for drawing convenience). The shapes of ¥, w may be compared
with those in Figs. 6 and 7. The similarity is quite close for small § and the lower
eigenvalues. Further results, obtained for parameters » and j outside the range where the

SYM

A,=0178

A,=057

2 04 §6 08 )10

A3:1.567

ASYM

A,=0235

A, =0.986

Fig. 8. Normal load kinetic stability: the first three symmetric (SYM) and antisymmetric (ASYM) eigenfunctions
u(x), w(x) forr=0, =001, f(e)= Ee.
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SYM

ASYM
w A1=0806
+ +—+ + X + + 4 X
‘0.2/0./ 06 08 10 02 04 06 0§” 10
A4=4669
A5=3043

Fig. 9. Normal load kinetic stability: the first three symmetric (SYM) and antisymmetric (ASYM) eigenfunctions
u(x), w(x) forr=0, p=0.1, f(e) = Ee.

Foppl approximation is acceptable, were found to deviate significantly from those
contained in Figs. 8 and 9. Calculations have also been carried out for Problem S, based
on Egs. (92) and (93). Since they do not show any additional new qualitative features, they
will not be discussed.
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Appendix

The vertical-load solution of Section 4 is applied to the following example

T=f(e)=E(e+ke’), E>0, k>0, (AD)
which has properties (i)—(iii) for e > 0, and for e > —1 if k <1/2. The inverse function is

g(T) = [-1+(+ak1/E)?] /(2K). (A2)

For constant load p, the solution of Problem H, obtained from (24) and (25), can be explicitly calculated. First,
an elementary integration yields

1
12k2

2oe(x) = (1= 5 (B =T () + 5 [+ k7o (1) 2= 1+ 4k ()],

1/2
To(x)=T(x)/E=sgn B(B3 + p3x*) ", po=p/E, By=B/E.

Inserting (A.2) into the expression for u(x), we obtain, upon substituting y = (Bg + p2s?)!/2 and integration by
parts

1,2
B, 1 To(x)+ pox By B2+ p2xty2f 1+4ky
=—x+—|1-— s Fom 0 o+ Pox”) . .
()= e g1 g row S [0 yi-gg) (A3
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Fig. 10. Deformed shapes of the string under vertical load, exact theory: nonlinear material f(e)/E = e + e2
( ), linear material f(e)= Ee (------ ) for » =0, 0.2, Problem H.

Setting 7= (y — By)'/?, the last term (A.3) can be expressed in terms of elliptic integrals. For example, if
Ag: = By +(1/4k) > 2By, it becomes

2B, o 244\ A, +22 "
; f( ) dz=A:/2[F(c,q)—E(c,q)1+z(°—)
1]

pok'/*J0\ 12 +2B, 2By + 22
where

1/2
2=(Ty(x)-By)"", ¢=arctan(z/{2B,),  q=(1-2By/4,)"",
Table 3

Displacements u(x), w(x) for vertical (V) and normal (N) load with T/E =e + ke?, k=1/2, t = tensile,
¢ = compressive solution

x 0 0.2 04 0.6 0.8 1
v=0, Vv u 0.0 0.046 0.073 0.072 0.046 0.0 t
Po=0.5 w 0.792 0.749 0.630 0.456 0.243 0.0
v=20, N u 0.0 0.080 0.139 0.155 0.113 0.0 t
Po=05 w 0.841 0.802 0.686 0.504 0.269 0.0
v=—05, Vv u 0.0 —-0.013 ~0.096 —0.215 —0.352 —0.500 t
Po =05 w 1.061 0.959 0.760 0.526 0.272 0.0
v=—0.5, N u, 0.0 —0.088 ~0.180 -0277 -0.383 -0.500 c
Po=05 w; -0.217 —0.208 ~0.180 —0.136 —-0.075 0.0

u, 0.0 —0.062 ~0.134 —-0.226 —0.346 —0.500 c

W, —0.409 —0.390 ~0.334 —0.246 —0.132 -0.0

u, 0.0 0.045 0.045 -0.034 -0.214 —-0.500 t

) 0.907 0.854 0.704 0.485 0.235 0.0
v=-05, Vv u, 0.0 -0.097 ~0.195 —0.295 —0.396 —0.500 c
pe=0.1 W —-0.067 —0.064 ~-0.056 —0.042 —0.024 0.0

usy 0.0 -0.022 ~0.097 —-0.212 —0.349 ~0.500 c

W, -0.727 —0.659 —0.515 —-0.347 -0.174 0.0

u, 0.0 -0.018 ~0.097 —-0.214 —0.352 —0.501 t

w3 0.859 0.777 0.610 0.417 0212 0.0
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and similar expressions if 45 <2B,, or By <0. F(a,q) and E(«,q) are the standard symbols for elliptic
integrals of the first and second kind, respectively.
The constant By, is given by the solution(s) of the equations

|Bo|f0'(33+pgt2)"“{1+z—lk[—1+(1+4ksgnBO(Bg+pgtz)'/2)l/z]}dt=y+1 (A.4)

involving an elliptic integral again, but for the numerical determination of B, this is of no advantage.

In Table 3 results for some values of », p, and &k are compared with results for uniform normal load given by
Eqgs. (35) of Section 5, with f(e) from (A.1). The value p, = 0.5 is too large for compressive solutions to exist (see
Theorem 6), while for p, = 0.1, eq. (A.4) has the three solutions B, = —.36745, —.02525, and .02115. On the
other hand, if the load is normal, we do find three solutions for both py = 0.5 and 0.1.

The shapes of the deformed string (X, Y) = (x + u(x),y + w(x)) are displayed in the last two figures for
both vertical and normal load.



